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1 Introduction

2 Model formulation

An individual reaching 20 in t maximizes an intertemporal utility function of the form

ut =

4∑
j=1

βj−1

(
ln ctj + γj

(ltj)
1−θ

1− θ

)
+ γd1

ln dt1 + γd2
ln dt2 (1)

Table 1 shows the life-cycle of an individual reaching age 20 in t.

Variables (10 in total) to optimize:

• Savings: a1−3

• Working time: n1−2, ñ3

• Early retirement: R

• Education: e1

• Number of children d1−2

Leisure time

lt1 = 1− nt1 − et1 − s1d
t
1 (2)

lt2 = 1− nt2 − s2d
t
1 − s1d

t
2 (3)

lt3 = Γ
[
π
(
(Rt(1− ñt3)

)1− 1
ρ + (1− π)(1−Rt)1−

1
ρ

] ρ
ρ−1

− s2d
t
2 (4)

lt4 = 1 (5)

Other variables

• Consumption: c1−4

• Real wage per unit of effective labor: w

• Effective human capital: h1−3

• Lump sum transfer that the government pays out to all individuals: z

• Consumption and labor tax rates: τc, τw

Age 20-35 35-50 50-65 65-80
Period t t+ 1 t+ 2 t+ 3
Work nt1 nt2 nt3 = Rtñt3 0
Study et1 0 0 0

Children s1d
t
1 s2d

t
1 + s1d

t
2 s2d

t
2 0

Leisure 1− nt1 − et1 − s1d
t
1 1− nt2 − s2d

t
1 − s1d

t
2 Rt(1− ñt3) + (1−Rt)− s2d

t
2 1

Table 1: Life-cycle of an individual of generation t
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• Non-employment benefit replacement rates: b

• Maternity benefit replacement rate: bm

• Time cost per child: s1−2

• Financial cost to bring up offspring as a fraction of the after-tax wage income: ω1−2

• Real interest rate: r

2.1 Budget constraints

(1 + τc)c
t
1 + at1 + ω1d

t
1wth

t
1n

t
1(1− τw) =

wth
t
1n

t
1(1− τw) + bwth

t
1(1− nt1 − et − dt1s1)

+bmwth
t
1d

t
1s1 + zt

(6)

(1 + τc)c
t
2 + at2 + (ω2d

t
1 + ω1d

t
2)wt+1h

t
2n

t
2(1− τw) =

wt+1h
t
2n

t
2(1− τw) + bwt+1h

t
2(1− nt2 − dt1s2 − dt2s1)

+(1 + rt+1)a
t
1 + bmwt+1h

t
2(d

t
1s2 + dt2s1) + zt+1

(7)

(1 + τc)c
t
3 + at3 + ω2d

t
2wt+2h

t
3R

tñt3(1− τw) =

wt+2h
t
3R

tñt3(1− τw) + bwt+2h
t
3(R

t(1− ñt3)− dt2s2)

+(1 + rt+2)a
t
2 + erbt3 + bmwt+2h

t
3d

t
2s2 + zt+2

(8)

(1 + τc)c
t
4 = (1 + rt+3)a

t
3 + pbt4 + zt+3 (9)

2.2 Pension benefit

Basic first-pillar benefit

b1pt4 = ρw
1

3

3∑
j=1

wt+3h
t+4−j
j ntj (10)

ρw = 50% - reduction according to the second pillar

Parental pension

ppt4 = ρP

2∑
j=1

wt+3h
t+j
4−jn

t+j
4−jd

t
j (11)

ρP = 3% according to the current setting

Maternity leave pension

mpt4 = ρm
1

3

2∑
j=1

wt+3d
t
js1h

t+4−j
j (12)

ρm = 0.6 · ρw according to current setting

Second-pillar pension

b2pt4 =

3∑
j=1

 3∏
i=j

(1 + rt+i)

wt+j−1h
t
jn

t
jτ2p (13)
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• Reduce ρw according to the second pillar

• Include second-pillar contributions in τw

• Total τw = tax 19% + 13.4% + 36.2% - health insurance 15%=53.6%

Early retirement benefit

erbt3 = (b1pt4 +mpt4)(1− ε(1−Rt))(1−Rt) + ppt4(1−Rt) (14)

• (1−Rt): duration of early retirement

• ε(1−Rt): pension reduction due to early retirement

• Reduction in Slovakia: 6% per year. Therefore, ε = 0.06× 16 = 0.96

Full pension
pbt4 = (b1pt4 +mpt4)(1− ε(1−Rt)) + ppt4 + b2pt4 (15)

2.3 First order conditions

Substituting (2-9) into (1) and maximizing with respect to a1−3, n1−2, ñ3, R, e1, d1−2, yields ten first order
conditions.

Variables a1−3

ctj+1

ctj
= β(1 + rt+j) ∀j = 1, 2, 3 (16)

Variables n1−2, ñ3

γ1
(lt1)

θ
=

1

ct1

∂ct1
∂nt1

+ β2 1

ct3

∂ct3
∂nt1

+ β3 1

ct4

∂ct4
∂nt1

(17)

where
∂ct1
∂nt1

=
wth

t
1

1 + τc
((1− ω1d

t
1)(1− τw)− b)

∂ct3
∂nt1

=
ρwwt+3h

t+3
1 (1− ε(1−Rt))(1−Rt)

3(1 + τc)

∂ct4
∂nt1

=
1

1 + τc

(
1

3
ρwwt+3h

t+3
1 (1− ε(1−Rt)) + τ2pwth

t
1

3∏
i=1

(1 + rt+i)

)
γ2

(lt2)
θ
=

1

ct2

∂ct2
∂nt2

+ β
1

ct3

∂ct3
∂nt2

+ β2 1

ct4

∂ct4
∂nt2

(18)

where
∂ct2
∂nt2

=
wt+1h

t
2

1 + τc
((1− ω2d

t
1 − ω1d

t
2)(1− τw)− b)

∂ct3
∂nt2

=
1

3(1 + τc)
ρwwt+3h

t+2
2 (1− ε(1−Rt))(1−Rt)

∂ct4
∂nt2

=
1

1 + τc

(
1

3
ρwwt+3h

t+2
2 (1− ε(1−Rt)) + wt+1h

t
2τ2p

3∏
i=2

(1 + rt+i)

)
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1

ct3

∂ct3
∂ñt3

+ β
1

ct4

∂ct4
∂ñt3

+
γ3

(lt3)
θ

∂lt3
∂ñt3

= 0 (19)

where

∂ct3
∂ñt3

=
Rt

1 + τc
[((1− ω2d

t
2)(1− τw)− b)wt+2h

t
3

+
1

3
ρwwt+3h

t+1
3 (1− ε(1−Rt))(1−Rt)]

∂ct4
∂ñt3

= (
1

3
ρwwt+3h

t+1
3 Rt(1− ε(1−Rt)) + (1 + rt+3)wt+2h

t
3R

tτ2p)/(1 + τc)

∂lt3
∂ñt3

= −Γ
[
π
(
(Rt(1− ñt3)

)1− 1
ρ + (1− π)(1−Rt)1−

1
ρ

] 1
ρ−1

π(1− ñt3)
− 1

ρ (Rt)1−
1
ρ

Variable R

1

ct3

∂ct3
∂Rt

+ β
1

ct4

∂ct4
∂Rt

+
γ3

(lt3)
θ

∂lt3
∂Rt

= 0 (20)

where

∂ct3
∂Rt

=
wt+2h

t
3(ñ

t
3(1− ω2d

t
2)(1− τw) + b(1− ñt3)) +

∂erbt3
∂Rt

1 + τc
∂erbt3
∂Rt

=
1

3
ρwwt+3h

t+1
3 ñt3(1− ε(1−Rt))(1−Rt)

+ (b1pt4 +mpt4)(−2εRt + 2ε− 1)− ppt4
∂ct4
∂Rt

=
1

3(1 + τc)
ρwwt+3h

t+1
3 ñt3(1− ε(1−Rt)) + ε(b1pt4 +mpt4)/(1 + τc)

+ wt+2h
t
3ñ

t
3τ2p(1 + rt+3)/(1 + τc)

∂lt3
∂Rt

= Γ
[
π
(
Rt(1− ñt3)

)1− 1
ρ + (1− π)(1−Rt)1−

1
ρ

] 1
ρ−1

×

×
(
π
(
Rt(1− ñt3)

)− 1
ρ (1− ñt3)− (1− π)(1−Rt)−

1
ρ

)
Variable e

1

ct1

∂ct1
∂et

+ β
1

ct2

∂ct2
∂et

+ β2 1

ct3

∂ct3
∂et

+ β3 1

ct4

∂ct4
∂et

− γ1
(lt1)

θ
= 0 (21)
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where

∂ct1
∂et

=
−bwth

t
1

1 + τc
∂ct2
∂et

=
∂ψ(et, gy, q)

∂et
wt+1h

t
1

(1− ω2d
t
1 − ω1d

t
2)n

t
2(1− τw)

1 + τc
+

+
∂ψ(et, gy, q)

∂et
wt+1h

t
1

b(1− nt2 − dt1s2 − dt2s1) + bm(dt1s2 + dt2s1)

1 + τc
∂ct3
∂et

=
∂ψ(et, gy, q)

∂et
wt+2h

t
1

(1− ω2d
t
2)R

tñt3(1− τw)

1 + τc
+

+
∂ψ(et, gy, q)

∂et
wt+2h

t
1

b(Rt(1− ñt3)− dt2s2) + bmd
t
2s2

1 + τc

+
∂erbt
∂e

/(1 + τc)

∂erbt
∂e

=
1

3
ρwwt+3h

t
1 ·
∂ψ(et, gy, q)

∂et
· xt+1(xt+2(n

t
1 + nt2) +Rtñt3)×

×(1− ε(1−Rt))(1−Rt)

+
ρm
3
wt+3h

t
1 ·
∂ψ(et, gy, q)

∂et
· xt+1xt+2(s1d

t
1 + s1d

t
2)×

×(1− ε(1−Rt))(1−Rt)

+ ρPwt+3h
t
1 ·
∂ψ(et, gy, q)

∂et
· xt+1(xt+2n

t+2
2 dt2 + nt+1

3 dt1)(1−Rt)

∂ct4
∂et

=
1

3
ρwwt+3h

t
1 ·
∂ψ(et, gy, q)

∂et
· xt+1(xt+2(n

t
1 + nt2) +Rtñt3)×

×(1− ε(1−Rt))/(1 + τc) +

+ ρPwt+3h
t
1 ·
∂ψ(et, gy, q)

∂et
· xt+1(xt+2n

t+2
2 dt2 + nt+1

3 dt1)/(1 + τc) +

+
ρm
3
wt+3h

t
1 ·
∂ψ(et, gy, q)

∂et
· xt+1xt+2(s1d

t
1 + s1d

t
2)×

×(1− ε(1−Rt))/(1 + τc) +

+τ2ph
t
1(1 + rt+3)(1 + rt+2) ·

∂ψ(et, gy, q)

∂et
wt+1n

t
2/(1 + τc) +

+τ2ph
t
1(1 + rt+3) ·

∂ψ(et, gy, q)

∂et
wt+2n

t
3/(1 + τc)

nt3 = Rtñt3

xt = 1 + ψ(et, gy, q)

ψ(e, gy, q) = ϕq
(
νg1−1/κ

y + (1− ν)e1−1/κ)
)σκ/(κ−1)

∂ψ(e, gy, q)

∂e
=

σκ

κ− 1
ϕq
(
νg1−1/κ

y + (1− ν)e1−1/κ)
) σκ

κ−1−1

(1− ν)(1− 1/κ)e−
1
κ

Variable d1

γd1

dt1
− s1

γ1
(lt1)

θ
− βs2

γ2
(lt2)

θ
+

1

ct1

∂ct1
∂dt1

+ β
1

ct2

∂ct2
∂dt1

+ β2 1

ct3

∂ct3
∂dt1

+ β3 1

ct4

∂ct4
∂dt1

= 0 (22)
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where

∂ct1
∂dt1

= wth
t
1

(bm − b)s1 − ω1n
t
1(1− τw)

1 + τc

∂ct2
∂dt1

= wt+1h
t
2

(bm − b)s2 − ω2n
t
2(1− τw)

1 + τc

∂ct3
∂dt1

=
ρm
3
wt+3h

t+3
1 s1(1− ε(1−Rt))(1−Rt)/(1 + τc) + ρPwt+3h

t+1
3 nt+1

3 (1−Rt)/(1 + τc)

∂ct4
∂dt1

= ρPwt+3h
t+1
3 nt+1

3 /(1 + τc) +
ρm
3
wt+3s1h

t+3
1 (1− ε(1−Rt))/(1 + τc)

Variable d2

γd2

dt2
− βs1

γ2
(lt2)

θ
− β2s2

γ3
(lt3)

θ
+ β

1

ct2

∂ct2
∂dt2

+ β2 1

ct3

∂ct3
∂dt2

+ β3 1

ct4

∂ct4
∂dt2

= 0 (23)

where

∂ct2
∂dt2

= wt+1h
t
2

(bm − b)s1 − ω1n
t
2(1− τw)

1 + τc

∂ct3
∂dt2

= wt+2h
t
3

(bm − b)s2 − ω2R
tñt3(1− τw)

1 + τc

+
ρm
3
wt+3h

t+2
2 s1(1− ε(1−Rt))(1−Rt)/(1 + τc) + ρPwt+3h

t+2
2 nt+2

2 (1−Rt)/(1 + τc)

∂ct4
∂dt2

= ρPwt+3h
t+2
2 nt+2

2 /(1 + τc) +
ρm
3
wt+3s1h

t+2
2 (1− ε(1−Rt))/(1 + τc)

Demographics

N t
0, N

t
1, N

t
2, N

t
3, N

t
4 population t in periods 0, 1, . . . 4, period 0 is childhood

N t
0 = N t−1

1 dt−1
1 +N t−2

2 dt−2
2 (24)

N t
1 = N t

0(1−mt
1 − et1 + it1) (25)

N t
2 = N t

1(1−mt
2 − et2 + it2) (26)

N t
3 = N t

2(1−mt
3 − et3 + it3) (27)

N t
4 = N t

3(1−mt
4 − et4 + it4) (28)

2.4 Firms optimization problem

Profit maximization problem of the firm:

maxΠ = KαH(1−α) − wH −
(

r

1− τk
+ δ

)
K

FOC 1

∂Π

∂H
= (1− α)

Kα

Hα
− w = 0

FOC 2
∂Π

∂K
= α

Kα−1

Hα−1
−
(

r

1− τk
+ δ

)
= 0
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From the above first-order conditions, we derive the following equations for wages and the interest
rate as follows:

Wages:

∂Π

∂H
= (1− α)

Kα

Hα
= w (29)

Interest rate (rental proice of capital):

(α
Kα−1

Hα−1
− δ)(1− τk) = r (30)

2.5 Human capital

The growth rate of the effective human capital is as follows:

• Efficiency parameter: ϕ

• PISA score (OECD): q

• Share parameter: ν

• Elasticity of substitution: κ

• Productive government expenditures including health care expenditures (age 0-17) as percentage of
output: gy

• Time in education: e

• Scale parameter: σ

ψ(e, gy, q) = ϕq
(
νg

1− 1
κ

y + (1− ν)e1−
1
κ

)σ κ
κ−1

(31)

Ht = nt1h
t
1N

t
1 + nt−1

2 ht−1
2 N t−1

2 + nt−2
3 ht−2

3 N t−2
3

Since
ht1 = ht−1

2

ht3 = ht2 = (1 + ψ)ht1

ht−2
3 = ht−2

2 = ht−1
1 =

ht−1
2

xt−1
=

ht1
xt−1

xt−1 = 1 + ψ

Then

Ht =

(
nt1N

t
1 + nt−1

2 N t−1
2 +

nt−2
3

xt−1
N t−2

3

)
ht1 (32)

Variable ψ

The growth rate of the human capital ψ depends on three inputs.
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2.6 Government

∆D = Dt+1 −Dt

∆D = (Gt
y +Gt

c +Bt + PPt +MBt + Zt)− (T t
n + T t

k + T t
c ) + rtDt

Expenditures:

Government productive expenditures

Gt
y = gyYt

Government consumption expenditures

Gt
c = gcYt

Government non-employment benefits

Bt = N t
1bwth

t
1(1− nt1 − et − dt1s1) +N t−1

2 bwth
t−1
2 (1− nt−1

2 − dt−1
1 s2 − dt−1

2 s1)+

+N t−2
3 Rt−2(1− ñt−2

3 − dt−2
2 s2)bwth

t−2
3

Government maternity benefits

MBt = N t
1bmwth

t
1d

t
1s1 +N t−1

2 bmwth
t−1
2 (dt−1

1 s2 + dt−1
2 s1) +N t−2

3 bmwth
t−2
3 dt−2

2 s2

Pension transfers

PPt = N t−3
4 (pbt−3

4 − b2pt−3
4 ) +N t−2

3 erbt−2
3

Lump sum transfers
Zt = zt(N

t
1 +N t−1

2 +N t−2
3 +N t−3

4 )

Revenues:
Labour tax

T t
n =

3∑
j=1

nt+1−j
j wth

t+1−j
j τwN

t+1−j
j

Capital tax
T t
k = τk(αYt − δkKt)

Consumption tax

T t
c = τc

4∑
j=1

ct+1−j
j N t+1−j

j

Government Debt Servicing Costs
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2.7 Equilibrium conditions

Equilibrium condition for an open economy

Yt = Ct + It +Gt +NXt

The open economy with Current Account, excluding Net Transfers, thus:

CAt = NXt + rtFt

Gross National income is then defined as follows:

Yt + rtFt = Ct + It +Gt + CAt

Then:

Yt + rtFt − Ct −Gt = It + CAt

St = It + CAt

While:

Ft = At −Kt −Dt

At = a1 + a2 + a3

Gt = Gct +Gyt

CAt = Ft+1 − Ft

Kt+1 = (1− δk)Kt + It

It = ∆Kt+1 + δkKt

Equilibrium condition for a closed economy (ALTERNATIVE APPROACH)

Yt = Ct + It +Gt

Yt − Ct −Gt = St = It

St = It

Kt+1 = (1− δk)Kt + It

It = ∆Kt+1 + δkKt
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2.8 List of variables and parameters of the model

Endogenous variables

Exogenous variable

Parameters

11


	1 Introduction
	2 Model formulation
	2.1 Budget constraints
	2.2 Pension benefit
	2.3 First order conditions
	2.4 Firms optimization problem
	2.5 Human capital
	2.6 Government
	2.7 Equilibrium conditions
	2.8 List of variables and parameters of the model


